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Abstract. For every positive integer h, the representation function of order 
h associated to a subset A of the integers or, more generally, of any group or 
semigroup X, counts the number of ways an element of X can be written as the 
sum (or product, if X is nonabelian) of h not necessarily distinct elements of 
X. The direct problem for representation functions in additive number theory 
begins with a subset A of X and seeks to understand its representation func- 
tions. The inverse problem for representation functions starts with a function 
/ : X — > No U {00} and asks if there is a set A whose representation function 
is /, and, if the answer is yes, to classify all such sets. This paper is a survey 
of recent progress on the inverse representation problem. 



1. Asymptotic density 

Let N, No, and Z denote, respectively, the sets of positive integers, nonnegative 
integers, and all integers. 

For any set A of integers, we define the counting function A{y, x) of A by 



A{y,x)^ J2 1 



y<a<x 

for all real numbers x and y. We define the upper asymptotic density 

du{A) ^\im sup ^^^^^ 
and the lower asymptotic density 

d,(A)=liminf4^. 

The set A has asymptotic density di^A) = a if djji^A) ~ dj^i^A) — a or, equivalently, 
if 

di^A) — lim — ^- ^ — ^ — a. 

Let S = Z \ A. Then du{A) = a if and only if ^^(A) = 1 - a. If 5 and are 
sets of integers, then the set W has relative upper asymptotic density du{W, S) = a 
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with respect to S if 



{wns)i-x,x) 

limsup — r = a. 



Relative lower asymptotic density c?i(VF, 5) and relative density d{W, S) are defined 
similarly. In particular, if S" = N and A is a set of positive integers, then A has 
relative asymptotic density a with respect to N if 

A{-x,x) A{l,x) 
ii™ izTr T — — r~-i — = Q;- 

x-^oo r^[ — X, X) a;->oo [x\ 



2. SUMSETS AND BASES 

Let Ai and A2 be subsets of an additive abelian semigroup X. We define the 

sumset 

Ai + A2 = {ai + a2 : ai £ Ai and 02 G A2}. 

For every positive integer h > 3, ii Ai, A2, . . . , Ah are subsets of X, then we define 
the sumset Ai + ■ ■ ■ + Ah^i + Ah inductively by 

Ai + • • • + Ah-i +Ah^{Ai + --- + Ah-i) + Ah. 

li A — Ai for i — 1, . . . , /i, then we write 

hA = A + ■ - + A . 

h times 

The set hA is called the h-fold sumset of A. 
We define OA = {0}. 

If A C X and a: S X, we define the shift A + x - 
A central concept in additive number theory is 
The set A is called 

(1) a basis of order h for 5 if S' C hA, that is, if every element of S can be 
represented as the sum of h not necessarily distinct elements of A, 

(2) an asymptotic basis of order h for S ii S \ hA is finite, that is, if all but 
finitely many elements of S can be represented as the sum of h not neces- 
sarily distinct elements of A. 

For example, the nonnegative cubes are a basis of order 9 for Nq (Wicferich's 
theorem), an asymptotic basis of order 7 for Nq (Linnik's theorem), and a basis of 
order 4 for almost all Nq (Davenport's theorem). A large part of classical additive 
number theory is the study of how special sets of integers (for example, the fc-th 
powers, polygonal numbers, and primes) are bases for the nonnegative integers (cf. 
Nathanson [13J). 

Our definition of basis is weak in the sense that, if X is an abelian semigroup 
with additive identity 0, then every subset of X has a basis of order h for all h > 1.. 
The reason is that G X implies that /iX = X for every positive integer /i, and so, 
if S is any subset of X, then S C /iX. We shall call the subset yl of X 

(1) an exact basis of order h for S if S — hA, that is, if the elements of S are 
precisely the elements of X that can be represented as the sum of h not 
necessarily distinct elements of A, 

(2) an exact asymptotic basis of order h for S if hA C S and S \ hA is finite. 



--A+{x}. 

basis. Let S" be a subset of X. 
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In additive subsemigroups of the integers, the set A is a basis of order h for almost 
all S if S\ hA has relative asymptotic density zero with respect to S, and an exact 
basis of order h for almost all S if hA C S and S \ hA has relative asymptotic 
density zero with respect to S. 

3. Direct and inverse problems for sumsets 

Let X be an additive abelian semigroup. Given subsets Ai, . . . , Ah of X, a direct 
problem in additive number theory is to describe the sumset Ai + ■ ■ ■ + Ah . In 
particular, for any A C X, the direct problem is to describe the h-io\d sumsets hA 
for all /i > 2. If X contains an additive identity and if G A C X, then we obtain 
an increasing sequence of sumsets 

(1) Ac2A<z---chA<z{h + l)Ac--- . 

An important open problem is to describe the evolution of structure in the sequence 
{^^}hLi- For example, let X = Nq be the additive semigroup of nonnegative 
integers. Let A be a set of nonnegative integers such that dL{hoA) > for some 
positive integer /iq. By translation and contraction, we can assume that € A 
and gcd(A) = 1. The the sequence ([T]) eventually stabilizes as a co-finite subset of 
No, that is, there exists an integer hi > h^ such that hiA contains all sufficiently 
large integers and hA = hiA for all h > hi (Nash-Nathanson [10]). However, if 
dL{hA) = for all positive integers h, then the structure of the sumsets hA is 
mysterious. It must happen that very regular infinite configurations of integers 
develop in the sumsets, but nothing is known about them. 
The simplest inverse problem for sumsets is: 



What sets are sumsets? 



This can be called the sumset recognition problem: Given a subset S of the abelian 
semigroup X and an integer /i > 2, do there exist subsets Ai, . . . , C X such 

S = Ai + --- + Ah? 

Similarly, we have basis recognition problems. Let S" be a subset of the abelian 
semigroup X, and let /i > 2. Does there exist an exact basis of order h for S, that 
is, a set A C X such that hA — SI US does have an exact basis, describe the set 

£hiS) ^ {ACX: S = hA}. 

More generally, do there exist exact asymptotic bases of order h for S? If so, 
describe the set 

S^^iS) = {A C X : /lA C S- and card(S' \ hA) < oo}. 

4. Representation functions of semigroups 

Let X be an abelian semigroup, written additively. For A C X, let A'^ denote the 
set of all /i-tuples of A. Two /i-tuples (oi, . . . , Oh) S X^ and {a'l, . . . , a'^) G X'* are 
equivalent if there is a permutation r : {1, . . . , /i} — > {1, . . . ,h} such that T{ai) — a'^ 
for i = 1, . . . , ft,. If X is the semigroup of integers or nonnegative integers (or if X 
is any totally ordered set), then every equivalence class contains a unique /i-tuple 
(ai, . . . , Gh) such that ai < a^+i for i = 1, . . . , ft, — 1. 
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Let Ai, . . . ,Ah be subsets of X and let x be an element of X. We define the 

ordered representation function 

Rai.,...,a,Sx) = card({(ai, . . . ,ah) e Ai x ■ ■ ■ x Ah : ai ^ \- Oh = x}) . 

If Ai ^ A for i = I, . . . , h, then we write 

RaM^) = card {{{ai, . . . , an) e A^ : ai -\ \- Oh = x}) . 

Two other representation functions arise often and naturally in additive number 
theory. The unordered representation function rA.h{x) counts the number of equiv- 
alence classes of /i-tuples (oi, . . . , a^) such that ai + ■ ■ ■ + — x. The unordered 
restricted representation functioi\^f A,h{x) counts the number of equivalence classes 
of /i-tuples (fli, . . . , a/i) of pairwise distinct elements of X such that ai + - ■ ■+ah = x. 
If X is a subsemigroup of the integers or of any totally ordered semigroup, then 

rA.hix) = card {{{ai, . . . ,ah) ^ A'^ : ai < ■ ■ ■ < ah and ai H h a/i = x]) 

and 

T^A,h{x) = card ({(ai, . . . , Oh) ^ A^ : ai < ■ ■ ■ < and ai + ■ ■ ■ + Oh — a;}) . 
5. Direct and inverse problems for representation functions 

A fundamental direct problem in additive number theory is to describe the rep- 
resentation functions of finite and infinite subsets of the integers and of other 
abelian semigroups. For example, if X = Nq — A^ then RA,2(n) = n + I and 
?'A,2(") = [{n + 2)/2] for aU n e No. If X = Z = A, then RaM"^) = rA,2{n) = oo 
for all n e Z. More generally, we ask: Given a semigroup X, a family A of subsets of 
X, and a positive integer h, what properties are shared by all of the representation 
functions associated with sets A G AI These are direct problems. 

The simplest inverse problem for representation functions is: 



What functions are representation functions? 



More precisely, if ^ is a family of subsets of a semigroup X and if is a positive 
integer, let TZ°^''^{A) and 7^™°'''^(^) denote, respectively, the sets of ordered and 
ordered representation functions of order h associated with sets A d A, that is, 

TZl'^'iA) = {RA,h -.AeA} 

and 

n^'^iA) = {rAM -.AeA}. 
The inverse problem is to determine if a given function / is a representation func- 
tion, and, if so, to describe all sets A G A such that RA,h — f or rA,h — f ■ This is 
particularly interesting when A is the set of bases or asymptotic bases of order h 
for X. 

There is an important difference between the representation functions of asymp- 
totic bases for the integers and the nonnegative integers. If / is the unordered 
representation function of an asymptotic basis for a semigroup X, then the set 
/~^(0) is finite. If X = Z, then a fundamental theorem in additive number theory 

^We could also introduce an ordered restricted representation function Ra h (^) that counts 
the number of h-tuples (ai, . . . , a^) of pairwise distinct elements of X such that ai + ■ ■ ■ + ai^ = x. 
This is unnecessary, however, because = h\fA ii{x) for all a; £ X. The relation between 

the ordered and unordered representation functions RA,h(,x) and rA,hi^) is more complex. 
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(Theorem [7]) states that for every h > 2 and for every function / : Z ^ Nq U {oo} 
with card(/^^(0)) < oo, there exists a set A such that rA.h{n) = f{n) for aU rt G Z. 
Equivalently, if A is the set of all asymptotic bases of order ft, for Z, then 

7^^°■■'*(^) = {/ : Z -> No U {«)} : card(/-i(0)) < «)}. 

For the semigroup of nonnegative integers, however, it is false that every function 
/ : No — > No with only finitely many zeros is the unordered representation function 
for an asymptotic basis of order h. Indeed, very little is know about representation 
functions of asymptotic bases of finite order for No. 

6. Representation functions for sets of nonnegative integers 

If A is a set of nonnegative integers, then for every positive integer h the number 
of representations of an integer as the sum of h elements of A is finite. We introduce 
the following three sets of arithmetic functions: 

.F(No) = {/ : No ^ No} 

jF^(No) {/ : No ^ No : r\0) is a set of density 0} 

and 

^o(No) = {/ : No ^ No : f-\0) is a finite set} . 

Then 

.^o(No) C T^iNo) c ^(No). 
For h > 2, the set J-o(No) contains the representation functions of all bases and 
asymptotic bases of order h for Nq, and the set .Foo(No) contains the representation 
functions of all bases of order h for almost all No. 

Problem 1. Let h > 2. Find necessary and sufficient conditions for a function in 
J-Q to be the representation function for an asymptotic basis of order h for No. 

Problem 2. Let h > 2. Find necessary and sufficient conditions for a function in 
Too to be the representation function for a basis of order h for almost all No . 

Problem 3. Let h > 2. Find necessary and sufficient conditions for a function in 
T to be the representation function for a subset o/No. 

We can also count the number of representations of a nonnegative integer as the 
sum of a bounded number of elements of a set that contains both nonnegative and 
negative integers. 

Problem 4. Let h > 2. Find necessary and sufficient conditions for a function 
in T to be the representation function for the nonnegative integers in the h-fold 
sumset of a subset of Z. 

We can express the ordered and unordered representation functions of a set 
of nonnegative integers in terms of generating functions. Define the generating 
function for the set A of nonnegative integers as the power series 

Ga{z) = Y.z\ 

This can be used both as a formal power series and as an analytic function that 
converges for \z\ < 1. We have the identities 

n=0 
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and, for all h > 1, 



n=0 



/ , ^ <■ A, h\i '■)'■- — 

If ^ is a set of integers, then the ordered representation function RA,2(n) is odd 
if and only if n is even and n/2 G A. It follows that RA.2{n) is eventually constant 
only if and only if A is finite. Moreover, the ordered representation function Ra,2 
uniquely determines the set A. Thus, for every function / G JF(No), there exists at 
most one set A such that Ra.2 = /• Theorem |3] generalizes this observation to all 
h>2. 

It is also true that the unordered representation function rA,2{'n) for a set A of 
nonnegative integers is eventually constant only if A is finite. 

Theorem 1 (Dirac [4J). If A is an infinite set of nonnegative integers, then the 
representation function rA.2{n') is not eventually constant. 

Proof. Let A be an infinite set of nonnegative integers such that rA,2{n) = c for all 
n > no. Since A is infinite, we have rA.2i'2a) > 1 for all a d A, and so c > 1. There 
is a polynomial P{z) such that 

1 °° 
-(Gi(z) + G^(z2))=5]r^,2(n)z" 

no — 1 oo 

= J2 rA,2H^"+ E 
n— n— no 



P(z) 



Let < a; < 1 and z = ~x. Then Gyi(z) ~ G a{^^^ is real and so G\{z) > and 
OPI—t) 

'- = Gli-x) + GAix^) > GAix^). 



1 + x 

Taking the limit as a; ^ we see that the left side of this equality converges 
to P{—1) but the right side diverges to infinity. This is impossible, and so the 
representation function rA,2{n) cannot be eventually constant. □ 

Dirac's theorem is a special case of a famous unsolved problem in additive number 
theory. Erdos and Turan [S] conjectured that if A is an asymptotic basis of order 
2 for the nonnegative integers, then \imsup„^^rA,2{n) = oo. This conjecture is 
itself only a small part of the problem of characterizing the representation functions 
of additive bases of finite order for Nq. It is interesting to note that the modular 
analogue of the Erdos- Turan conjecture is false. 

Theorem 2 (Tang-Chen [22] ). There is an integer mo such that, for every m > mo, 
there is a set Am C Z/mZ such that Am is a basis of order 2 for Z/mZ and 
rA„,Ax) < 768 for all x G Z/mZ. 

It is also interesting that the multiplicative Erdos and Turan conjecture is true. 
If A is a set of positive integers such that every sufficiently large positive integer is 
the product of two elements of A, then the number of representations of an integer n 
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as the product of two elements of A is unbounded (Erdos |6] , Nesetril and Rodl [19] , 
Nathanson [12]). 

6.1. Ordered representation functions. The first inverse theorems for ordered 
representation functions of sets of nonnegative integers are the following. 

Theorem 3 (Nathanson [H]). Let h > 2. If A and B are sets of nonnegative 
integers such that RAji{n) = RB,h{n) for all n G Nq, then A — B. 

Proof. Since A = if and only if _B = 0, we can assume that both A and B are 
nonempty sets. Then the generating functions 

a6A beB 

are nonzero power series with nonnegative coefficients. We have 




VaeA / n=0 n=0 

and so 

= G'Xiz) - G%{z) = (GAiz) Gb{z)) ( V G\-^-\z)G^s{z) 




The coefficients of the power series X]f=o^ G\ ^ ^{z)G''g{z) are nonnegative and not 
all zero, hence this series is nonzero and so Ga{z) — Gb{z) = 0. This implies that 
A^B. □ 

Let A*,B*, and T be finite sets of integers. If each residue class modulo m 
contains exactly the same number of elements of A* as elements of B* , then we 
write A* = B* (mod m). If for each integer n the number of pairs (a, i) G A* x T 
such that a + t = n (mod m) equals the number of pairs (&, t) G B* x T such that 
b + t = n (mod m) , then we write 

A*+T = B*+T (mod m). 

Theorem 4 (Nathanson [llj). Let A and B be sets of nonnegative integers. Then 
RA,2{n) = RB,2{n) for all sufficiently large n if and only if there exist 

(i) a nonnegative integer uq and sets A* , B* C {0, 1,2,..., no}, and 

(ii) a positive integer m and a set T C {0, 1, 2, . . . , m — 1} with 

A* +T = B* + T (mod m) 

such that 

(2) A = A*UC and B = B* U C 
where 

(3) C = {c G Nq : c > uq and c = t (mod to) for some t G T}. 

Proof. Let no and to be integers and let A*,B*, and T be finite sets of integers 
satisfying conditions (i) and (ii). Define the sets A,B, and C by ([2l) and ([3|). Since 
A* n C = and i?* fl C = 0, it follows that for every integer n we have 

i?A,2(n) = RA'An) + 2RA',c{n) + i?c,2(n) 
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and 

i?B,2(n) = RB',2{n) + 2RB',c{n) + Rc,2{n) 
where RA'.c{n) (resp. RB'.c{n) ) is the number of ordered pairs (a*,c) & A* y. C 
(resp. (6*, c) G X C) such that a* +c = n (resp. b* +c = n). 

Let n > 2no. Since max (A* U B*) < no, it follows that RA*,2{'n) = Rb-, 2in) = 
and so RA,2in) = RB,2{'n) if and only if i?^* c'(n) = RB*fi{n). If a* £ A, then 
n — a* > 2no — a* > no- It follows that n — a* G C if and only if n — a* =t (mod m) 
for some i e T. Since ^* + T = + T (mod m), it follows that 

-RA^c(»^) = card ({(a*, c) e ^* x C : a* + c = n}) 

= card ({(a*, c) GA*xC:a*+c = n and c = f (mod m)}) 

= ^card({(a*,i) e ^* x T : a* + t = n (mod m)}) 

= ^ card ({(6*, i) G x T : 6* + 1 = n (mod m)}) 

= ^ card ({(6*, c) € B* x C \ b* + c = n and c = t (mod m)}) 
= RB',c{n) 

Thus, the representation functions of the sets A and S eventually coincide. 

Conversely, let A and B be distinct sets of integers such that RA,2{n) = RB.2{n) 
for all integers n > rii. Since A is finite if and only if RA,2{n) = for all suffi- 
ciently large n, it follows that the representation functions of any pair of finite sets 
eventually coincide, and so A is finite if and only if B is finite. Thus, we can set 
A* = A, B* = B, andT = 0. 

Suppose that A and B are distinct infinite sets of integers. Applying the gener- 
ating functions Ga{z) = J2aeA -^^ Gb{z) = ^^eB -^^i have 

oo 

G\{z) - Gl{z) = J2 i^Aain) - RB,2{n)) z^ = P{z) 

n=0 

where P{z) is a polynomial of degree at most m. The ordered representation 
function RA,2{n) (resp. RB,2{n)) is odd if and only if n is even and n/2 G A (resp. 
n/2 G B). It follows that the sets A and B coincide for n > ni/2, and so there is 
a nonzero polynomial Q{z) of degree at most ni/2 such that 

Ga{z) - Gb{z) = Q{z). 

We obtain a rational function 

r (A^r ,._ g\{z)-GUz) _p{z) 
Ga{z) + Gb{z) - a^^,)-GB{z) - Wr 

Therefore, the coefficients of the power series Ga{z) + Gb{z) satisfy a linear recur- 
rence relation. For n > ni/2, the coefficient of z" in Ga{z) + Gb{z) is 2 if n G AUB 
and if n ^ ^ n B. Since a sequence defined by a linear recurrence in a finite set 
must be eventually periodic, it follows that there are positive integers m and uq 
and a set T C {0, 1, . . . , m — 1} such that, for n > no, we have n € ACi B if and 
only if n = t (mod m) for some t G T. Let 

C = {c G No : c > no and c = t (mod m) for some t G T}. 
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Let A* = Ar\ [0,no] and B* = B n [0,no]. Then A* n C = n C = 0, and 
A = A* U C and B = B* U C. For n > 2no we have 

where, as above, -Ra*.c("-) (resp. Rb* .c{n)) is the number of solutions of the 
congruence n = a + 1 (mod m) (resp. n = b + 1 (mod m)) with i G T and a G A* 
(resp. b e B*). Therefore, A*+T = B*+T (mod m), and the Theorem follows. □ 

Problem 5. Let h>3. Describe all pairs of sets of nonnegative integers whose or- 
dered representation functions of order h eventually coincide. Equivalently, classify 
all pairs {A, B) of sets of nonnegative integers such that RAji{ri) = RB.h{n) for all 
sufficiently large integers n. 

6.2. Unordered representation functions. Theorem incompletely describes all 
pairs of sets of nonnegative integers whose ordered representation functions of or- 
der 2 eventually coincide. The analogous problem for unordered representation 
functions is open. 

Problem 6. Describe all pairs of sets of nonnegative integers whose unordered 
representation functions of order 2 eventually coincide. 

Problem 7. Let h > 3. Describe all pairs of sets of nonnegative integers whose 
unordered representation functions eventually coincide. 

The behavior of unordered representation functions is more exotic than that 
of ordered representation functions. For example, the following beautiful result 
describes partitions of the nonnegative integers into disjoint sets A and B whose 
unordered representation functions eventually coincide. 

Theorem 5 (Sandor [20j). Let A be a set of nonnegative integers, and let B = No\ 
A. There exists a positive integer N such that rA.2{n) = rB,2{n) for all n > 2N — 1 
if and only if 





Since B = Ng \ A, we have 

XB{n) = 1 - XA{n) 
Defining the generating functions 



for all n £ Nq. 



oo 



Ga{z) - Yl 



z' 



.a 



z 



,n 



n=0 
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oo 

Gb{z) = ^ = ^ (1 - XA{n)) ^" = - Ga{z) 

we obtain 

oo ^ 



2 

n=0 



and 

oo ^ 

J2^B,2{n)z'' = :,{GB{zf + Gsiz')) 



n=0 



2 \{1 - z^){l - z) 1- 

= f; r^,2(n)2" + -1- (t3T2 - O-'l*) - (1 - '')Oa{z')) 

cso / OO OO oo oo \ 

n=0 \n=0 n=0 n=0 n=0 / 

oo ^ / oo oo 

= E ^A,2H^" + E (1 - - X^(2n)) + ^ _ ^^(2n + 1)) ; 

n=0 \n=0 n=0 



We define the function 

oo 

= E(^^'2(n)-rB,2(n))z". 

n=0 

Then 



(1 - z)Q{z) = ^ (1 - XA{n) - XA{2n)) z^" + ^ (^^(n) - XA(2n + 1)) z^^+i 

n=0 n=0 
JV-1 Af-1 

= 5^ (1 - XA(n) - XA(2n)) z^" + ^ (;^^(n) - XA(2n + 1)) 

n^O n=0 

oo oo 

+ Y.{1- XA{n) - XA{2n)) z^^ + (xa (n) - XA(2n + 1)) z^^^ 



Let be a positive integer. We have rA.2in) = rB,2{n) for all n > 2iV — 1 if and 
only if Q{z) is a polynomial of degree at most 27V — 2. Then (1 — z)Q{z) has degree 
at most 2 A'' — 1, and we have the two equations 

N-l Af-1 

(1 - z)Qiz) = ^ (1 - XA(n) - XA(2n)) z'" + ^ (xaW - XA(2n + 1)) z'^+' 
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and 



If the first equation holds, then, setting 2 = I, we obtain 

N-l 2N-1 

and so 

card(An [0,2iV- I]) = N 

which is condition (i). The second equation is equivalent to condition (ii). If this 
condition holds, then Q{z) is a polynomial of degree at most N — 2. This completes 
the proof. □ 

Problem 8. Let £ > 3 Does there exist a partition of the nonnegative integers 
into pairwise disjoint sets Ai, A2, ■ ■ . , Ai whose representation functions rAi,2{n) 
for i — 1,2, . . . ,i eventually coincide? 

7. Representation functions for sets of integers 

7.1. Unique representation bases for the integers. Sumsets of integers are 
very different from sumsets of nonnegative integers. For example, the Erdos-Turan 
conjecture asserts that the representation function of a basis of order 2 for the 
nonnegative integers must be unbounded. In sharp contrast to this, there exist 
bases for the integers whose representation functions are bounded. Indeed, we shall 
construct a basis A of order 2 for Z whose representation function is identically 
equal to 1. Such sets are called unique representation bases. 

Theorem 6 (Nathanson [14j). Let ip{x) be a function such that lim2;^oo fix) = 00. 
There exists an additive basis A for the group Z of integers such that 

T'A,2in) — 1 for all n E Z, 

and 

A{—x, x) < (p{x) 

for all sufficiently large x. 

Proof. We shall construct an ascending sequence of finite sets Ai C C ^3 C • ■ • 
such that, for all /c S N and n e Z, 

\Ak\^2k and Jn) < 1 

and 

''A^fcW-l if|7i|<fc. 
It follows that the infinite set 

00 

A=\jAu 

k=l 

is a unique representation basis for the integers. 

We construct the sets Ak by induction. Let Ai = {0, 1}. We assume that for 
some fc > 1 we have constructed sets 

C A2 C . . . C Afc 
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such that l^fel = 2k and 

^Afc {n) < 1 for all n G Z. 

We define the integer 

dk = niax{|a| : a e A^}. 

Then 

Ak C [-dk,dk] 

and 

2Ak C [-2dk,2dk]. 

If both numbers d/c and —dk belong to the set Ak, then, since € Ak and 

dk>l, we would have the following two representations of in the sumset 2Ak: 

= + 0= (-4) + dfc. 

This is impossible, since ta^ (0) < 1, hence only one of the two integers dk and —dk 
belongs to the set Ak- It follows that if dk ^ Ak, then 

{2dk,2dk - l}n2Ak = 0, 

and if —dk ^ Ak, then 

{-24,-(24-l)}n2Afe = 0. 
Select an integer bk such that 

bk = mm{\b\ : b ^ 2Ak}. 

Then 

l<bk<2dk- 1. 
To construct the set Ak+i, we choose an integer Ck such that 

Ck > dk- 

If bk ^ 2Ak, let 

Ak+i = ^fc U {bk + 3cfc, -3cfc}. 

We have 

bk = {bk + 3cfe) + (-Scfc) G 2Ak+i. 
If bk G 2^fc, then —bk^ 2Ak and we let 

Ak+i =AkLI {-{bk + 3cfe), 3cfe}. 

Again we have 

-bk = -{bk + 3cfe) + 3cfe G 2Afe+i. 

Since 

dfe < 3cfc < &fe + 3cfe, 
it follows that \Ak+i \ = \Ak\ + 2 = 2{k + 1). Moreover, 

dk+i = max{|a| : a G Ak+i} = bk + 3cfe. 

For example, since Ai = {0, 1} and 2Ai = {0, 1, 2}, it follows that di = bi = 1. 
Then bi G 2Ai but —1 = — 6i ^ 2j4i. Choose an integer ci > 1 and let 

A2 = {-(l + 3ci),0,l,3ci}. 

Then 

2A2 = {-{2 + 6ci), -(1 + 3ci), -3ci, -1, 0, 1, 2, 3ci, 1 + 3ci, 6ci} 
and ^2 = 1 + 3ci and 62 = 2. Moreover, tasC'^) = 1 if In] < 1. 



ADDITIVE REPRESENTATION FUNCTIONS 



13 



Assume that bk ^Ak, hence Ak+i = AkD {bk + 3cfc, — 3cfc}. (The argument in 
the case bk G 2Ak and —bk ^ 2Ak is similar.) The sumset 2Ak+i is the union of 
the foUowing four sets: 

2Ak+i = 2Ak U (Ak + bk + 3ck) U (Ak - 3cfe) U {6^, 2bk + 6cfc, -6cfc}. 

We shall show that these sets arc pairwisc disjoint. If m S 2Ak, then 

-2ck < -2dk <u< 2dk < 2ck. 

Let a G Ak and v = a + bk + 3cfe € Ak + bk + 3cfc. The inequalities 

-Cfe < -dk < a < dk < Ck 

and 

1 < 6fe < 2dfe - 1 < 2cfe - 1 

imply that 

2cfe + 1 < u < 6cfe - 1 < 26fe + 6cfc. 

Similarly, if w = a — 30/,; G — 3ck, then 

— 6cfe < — 4cfe <'W< — 2cfe. 

These inequalities imply that the sets 2Ak, Ak + bk + 3cfc, Ak — 3cfc, and 2{bk + 
3cfc, — 3cfe} are pairwisc disjoint, unless Ck = dk and —2dk G n (Ak — 5dk). If 
—2dk G 2A;;, then — (i/j G Ak- If — 2(i;; e Ak — 3dk, then dfe G A^. This is impossible, 
however, because the set Ak does not contain both integers dk and —dk- 
Since the sets Ak + bk + 3ck and Ak — 3ck are translations, it follows that 

ryii^^j(n) < 1 for all integers n. 

Let A = Ufc^i ^k- For all A; > 1 we have 2 = 62 < 63 < • • • and 6^ < bk+2, hence 
b2k > /c + 1. Since b2k is the minimum of the absolute values of the integers that 
do not belong to 2A2k, it follows that 

{-k, -fc + 1, . . . , -1, 0, 1, . . . , A; - 1, A;} C 2^2fe C 2A 

for all A: > 1, and so A is an additive basis of order 2. In particular, rA2k{''^) ^ 1 
for all n such that |n| < k. If r^,2('^) > 2 for some n, then rAk,2{n) > 2 for some k, 
which is impossible. Therefore, A is a unique representation basis for the integers. 

We observe that if a; > 1 and k is the unique integer such that dk < x < dk+i, 
then 

A{-x,x) = Ak+i{-x,x) 

_ (2k for dk < X < 3ck, 

~ \ 2k + l for 3cfe < a; < 6fe + 3cfe = rffe+i. 

In the construction of the set Ak+i, the only constraint on the choice of the number 
Cfe was that Cfe > dk- Given a function (p{x) such that linix^oo 'fiix) = 00, we shall 
use induction to construct a sequence of integers {ck}kLi such that A{—x, x) < ip{x) 
for all x>ci- We begin by choosing a positive integer ci such that 

ip{x) > 4 for a; > c\- 

Then 

A{—x, x) <A< ip{x) for Ci < a: < ^2- 
Let A; > 2, and suppose we have selected an integer Ck-i > dk-i such that 

(p{x) > 2k for X > Ck-i 
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and 

A{—x,x) < (p{x) for d < X < dk- 
There exists an integer Ck > dfe such that 

ip{x) >2k + 2 for a; > Cfc. 



Then 

and 

hence 

It folfows that 



A{—x,x) — 2k < ip{x) for dk < x < 3cfe 
A(—x, x) < 2k + 2 < ip{x) for Sc^ < a; < d/c+i , 
A{—x,x) < ip{x) for ci < X < dk+i- 



A{—x, x) < ip{x) for all x > ci. 
This completes the proof. □ 

Theorem [S] constructs arbitrarily sparse unique representation bases. If ^4 is a 
unique representation basis of order 2 with counting function A{x), then A{x) <C 
x^/^. We do not know how dense a unique representation basis can be. 

Problem 9. Let O be the set of all positive numbers 9 such that there exists a 
unique representation basis A with A{x) ^ x^ . Compute sup0. 

There is work related to this problem by Chen [T] and Lee [S]. for all x G 
HAi \ {ui}. 

7.2. Asymptotic bases for the integers. Let J^(Z) denote the set of all functions 
from Z into No U {oo}. We shall consider the following two subsets of this function 
space: The set of functions with only finitely many zeros, 

M^) - {/ e H^) ■■ card (/-i(0)) < oo} 

and the set of functions that are nonzero for almost all integers n, 

Too{Z) = {feT{Z):d{r\0))^0}. 

For every positive integer h, let TZhiZ) denote the set of all representation functions 
of /i-fold sumsets, that is, 

TZhiZ) = {/ e T{Z) : f ^ rA,h for some A C Z}. 

For example, 7^l(Z) = {/ : Z ^ {0, 1}}. 

Let h > 2. li A is a. set of integers and a E A, then rA.h{ha) > 1. It follows that 
if / G J^{Z) is a nonzero function such that /(n) = for all n = (mod h), then / 
is not a representation function, and so JF(Z) ^ TZh{Z). 

Problem 10. Let h > 2. Find necessary and sufficient conditions for a function 
f G -^(Z) to be the representation function of an h-fold sumset. 

This is called the inverse problem for representation functions in additive number 
theory. 

The set A is an asymptotic basis of order h for the integers if all but finitely 
many integers can be represented as the sum of h not necessarily distinct elements 
of A. Equivalently, A is an asymptotic basis of order h for Z if the representation 
function rA,h is an element of the function space J-'o{Z). We define 

TlhfiiZ) = {/ G To{Z) : f = rA,h for some A C Z}. 
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Thus, TZhfiCZi) is the set of representation functions of asymptotic bases of order h 
for Z. We shall prove the following important result: For every integer h>2, 



This means that every function / : Z — > Nq U {00} with only finitely many zeros is 
the representation function for some asymptotic basis of order h for the integers. 

The proof will use Sidon sets. A subset A of an additive abelian semigroup X 
is called a Sidon set of order h if every element in the sumset hA has a unique 
representation (up to permutations of the summands) as a sum of h elements of 
X. Equivalently, ^ is a Sidon set if rA,h{x) < 1 for all a; € X. Sidon sets of order 
h are also callcicl Bh-sets. For example, every two-element set {a, b} of integers (or 
two-element subset {a,b} of any torsion- free abelian semigroup) is a Sidon set of 
order h for all positive integers h, since the /i-fold sumset 

h{a, b} = {{h — i)a + ib : i = 0,1, ... ,h} = {ha + i{b — a) : i = 0,1, . . . ,h} 

is simply an arithmetic progression of length h + 1 and difference b — a. Note that 
if the set A is a Sidon set of order h, then A is also a Sidon set of order h' for all 
h' = l,2,...,h-l. 

The set A will be called a generalized Sidon set of order h if, for all pairs of 
positive integers r, r' with r < h and r' < h, and for all sequences ai , . . . , and 
a[,..., a'^i of elements of A, we have 

ai H h Or = a'l H 1- aj.' 

if and only if r = r' and = a„[i) for some permutation a of {1, . . . , r} and all 
i=l,...,r. 

Note that if A is a Sidon set (resp. generalized Sidon set) of order h, then A is 
also a Sidon set (resp. generalized Sidon set) of order h' for all positive integers 
h' < h. 

Lemma 1. Let h>2 and let c and u be integers such that c>2h\u\. Then 

Dc,u = {-c, {h - l)c + u} 
is a generalized Sidon set of order h, and u £ hDc,u- Moreover, 

min I |a; - y| : a;, y G [J rDc.u and x ^ > c/2. 

Proof. We have 

u={h-l){-c) + {{h-l)c + u) G hDc,u- 

To show that 2?c,u is a generalized Sidon set, let i,j,i',j' be nonnegative integers 
such that 

l<i + j<i'+j'<h. 

We define 

A = [i{-c) + j{{h - l)c + u)] - [i'{-c) + j'{{h - l)c + u)] . 
If A = 0, then 

(/ - 3)hc = {{i' + j') j))c + {j - j')u. 
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If jVj, then 



hc<\{f -j)hc\ 

^m+j')~{^+mc+\j~j'\\u\ 

<{h- \)c+h\u\ 



which is absurd. Therefore, j — j' and so z = z' and Dc^u is a generahzed Sidon set 
of order h. 

Suppose that A 7^ 0. We must show that | A| > c/2. If j — j' , then i ^ i' and 

|A| = \i' - i\c > c. 

If j ^ f, then 

|A| = \ij- j')hc + {{^'+J') {^+Mc + {j f)\u\ 

> \J - J'\ hc--\i{t' + f) ^{^+J)\c-\{J- f)u\ 

>hc-{h- l)c-h\u\ 
c 

This completes the proof. □ 

Theorem 7 (Nathanson [HI [17]). Let / : Z ^ Nq U {00} he a function such that 
card[f^^{Q)^ < 00. For every h > 2, there exists a set A of integers such that 
'''A,h{n) = fi^T-) for all n lE Zi. 

Proof. We shah construct a sequence {^fcjfc^i of finite sets such that A^ is a gen- 
eralized Sidon set of order h — 1 for all fc > 1, and A = U^j^Afe is an asymptotic 
basis of order h for Z whose representation function is equal to /. 
Let U = {wfcjfc^i be a sequence of integers such that 

card ({fc e N : Uk = n}) = f{n) 

for all integers n. It suffices to construct finite sets Ak such that, for all integers n, 
we have 

(4) rA.An) < f{n) 
and 

(5) rAk,h{n) > card {{i e {1,2, k} : Ui = n}) . 
Choose positive integers di and ci such that 

and 

ci > 2h{di + \ui\). 

By Lemma [U the set 

Ai = -Dci.ui = {-ci, (h - l)ci + ui} 
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is a generalized Sidon set of order h and ui G hAi. We shall prove that hAi n 
f^^{0) = 0. If X G f^^{Q), then \x\ < di and so \x ~ ui\ < di + \ui\. Again by 
Lemma [TJ if x G hAi \ {ui}, then 

\x-ui\>^> h{di + \ui\) > 2{di + \ui\). 

It follows that hAi n f^^{0) = 0, and so rAi,h{n) < 1 < f{n) for all n G hAi and 
rAi.h{ui) — 1. Thus, the set Ai satisfies conditions @ and ([5]). 

Let k > 2, and assume that we have constructed a generalized Sidon set Ak-i 
of order ft, — 1 that satisfies conditions ^ and ([51) . Choose positive integers dj. and 
Cfc such that 

r=l 

and 

Cfc >2/i(24 + |ufe|). 

Let 

Afc = ^fe_i U = Ak-i U {-Cfe, (/i - l)ck + Uk}. 

Then 

ft 

hAk = hAk-i U y (rL>c,,„, + (ft - r)^fe_i) . 

r=l 

By Lemma [1] the set Dc^ ^k is a generalized Sidon set of order ft, and so every 
integer in the set lJr=i^-^cfc.ufc has exactly one representation as the sum of at 
most ft elements of Dc^^u^- Also, the minimum distance between the elements of 
Ur=i '"-^Cfc.ufc is greater than Ck/2. 

Let x,x' G U.=i^^ Cfe^Ufc with X ^ x' . By Lemma [TJ there are unique positive 
integers r, r' such that x G rDc^^u^ a-nd x' G r'Dc^.Uk- If £ ~ '')^fc-i and 
y' e{h- r')Ak-i, then 

l2/-y'| < |y| + l2/'| <2dfc < ^ < |x'-x| 

and so X + y ^ x' + y' . It follows that the sets {x} + (ft — r)j4fe_i and {x'} + (ft — 
r')ylfc_i are pairwise disjoint. Since Ak-i is a generalized Sidon set of order ft — 1, 
it follows that every element of 

h 

y {rD,,,,,+{h~r)Ak-i) 

r=l 

has a unique representation as the sum of exactly ft elements of Ak ■ 

Recall that Wfc G hD^^^u^ and hAk-iUf-^{0) C [-4, 4]. If w g ftA^.i U/-1(0), 
then — w\ < dk + \uk\- If 

ft 

y {rDc,,u,+{h-r)Ak-i) 

r=l 
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then z = X + y, where x G rDc^^u^ for some r G and y E (h — r)Ak-i. If 

z ^ Uk, then x ^ Uk- It foUows again from Lemma[l]that \x ~ Uk\ > Cfe/2 and 

\z - w\ = \x + y ~ w\ = \x - Uk + Uk + y - w\ 

>\x~ Uk\ - \uk+y ~w\ 

Ck 

2 

> {h 



> 



' {2dk + |ufe|) 
\){2dk + \uk\) 



> 0. 



Therefore, 
and 

It follows that 



hA 



k-i 



hAk C Z\/-i(0) 
U (ri^c.n, + {h - r)Ak-i) \ = or 



rAt,,h{n) 



if n G hAk^i \ {uk} 
if n = Uk 

if n G hAk \ hAk-i 



and so the set Ak satisfies conditions ([4]) and 

A similar argument shows that Ak is a generalized Sidon set of order h — 1. Let 



h-l 



( 



Z = 



h'=\ 



h' 



\ 



U = u 



. r,s— 



r,s— 
l<r+s</i-l 



Suppose that 



z = a; + 2/ = .t' + y' G Z 
ckMk-,y e s^fc-i,a;' G r'Dc^,ui,,y' e for nonnegative integers 



where a; G rD. 

r, s, r', s' such that 1 < r + s < r' + s' < h — 1. li x ^ x' , then 



\x-x'\>^> 2dk > W 



y\ 



and so x — x' ^ y' — y, which is absurd. Therefore, x=x' and y = y'. Since Dc^^^k 
is a generalized Sidon set of order h and Ak-i is a generalized Sidon set of order 
/i — 1, it follows that x and y have unique representations as sums of at most h — 1 
elements of Dc^^^k and Ak-i, respectively, and so z has a unique representation as 



the sum of at most h — 1 elements of Ak ■ This completes the proof. 



□ 



By Theorem [71 for every function / G JFo(Z), there exist infinitely many asymp- 
totic bases A of order h such that rA,h = f, and such bases can be constructed that 
are arbitrarily sparse. An open problem is to determine how dense such a set can 
be. Nathanson and Cilleruelo [2 [3] proved that for every f & J-q and every e > 0, 
there is a set A of integers with rA,h = f and 

A{-x,x)^ x"^-^-' 
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for all x > 1. The construction uses dense Sidon sets. 

Problem 11. Let he the supremum of the set of all positive real numbers a such 
that, for every f E J-q, there is a set A of integers with rA,h = f and A{—x, x) S> x" 
for all X > 1. Determine a\. 

Problem 12. Let /i > 3. Does there exist a positive real number ah such that, for 
every f G J-q, there is a set A of integers with rA,h — f o,nd A{—x, x) ^ x"** for 
all X > I. How large can ah be? 

We can extend the inverse problem for representation functions to functions 
/ : Z — > No U {oo} that have infinitely many zeros. In the case h = 2, ii /^^(O) is 
a set of integers of density 0, then there we can construct a set A with / — rA.2- 
The problem is open for higher orders h. 

Problem 13. Let f : 7i ^ Nq U {oo} be a function such that d (/^^(O)) — 0. Let 
h > 3. Does there exist a set A of integers such that rA,h{n) — f{n) for all integers 
n? 

We can extend this problem to functions whose zero sets have small positive 
density. 

Problem 14. Let h > 2. Does there exist S — 5{h) > such that i/ / : Z — > 
No U {oo} a function with djj (/^"'^(O)) < (5, then there exists a set A of integers 
such that rAjiin) — f{n) for all integers n? 

8. Representation functions for abelian semigroups 

The significant difference between inverse problems for Nq and Z derives in part 
from the fact that Z is a group but No is not. Nathanson [16] obtained some 
general inverse theorems for representation functions of "semigroups with a group 
component." 

Let i? be a subset of an abelian semigroup X and let a; G X. We define the 
representation functions 

rB,2{x) = card ({{5, b'} <Z B : b + h' = x}) 

and 

^5,2(2:) ^ card ({{6, b'} <Z B : b + b' = x tmd b ^ b'}) . 

We consider semigroups S with the property that S + S — S. Equivalently, 
for every s G S there exist s',s" G S such that s = s' + s". Every semigroup 
with identity has this property, since s = s + 0. There are also semigroups without 
identity that have this property. For example, if S is any totally ordered set without 
a smallest element, and if we define si + S2 = max(si,S2), then S is an abelian 
semigroup such that s = s + s for all s G S", but S does not have an identity element. 

Let S be an abelian semigroup and let B (- S. For every positive integer h, we 
define the dilation 

h*B = {hb:beB} = { &+■ ■ ■ + 6 :beB}. 

h summands 

Note that if G is an abelian group such that every element of G has order dividing 
h, then h*G^ {0}. 
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Theorem 8. Let S he a countable abelian semigroup such that for every s G 
there exist s',s" £ S with s = s' + s" . Let G be a countably infinite abelian group 
such that the dilation 2 * G is infinite. Consider the abelian semigroup X = 5* © G 
with projection map tt : X ^ G. Let 

/ : X ^ No U {«)} 

be any map such that the set n (/^^(O)) is a finite subset of G. Then there exists 
a set sex such that 

fB,2{x) = f{x) 

for all a; G X. 

Note that Theorem |8] is not true for all abelian semigroups. For example, let 
N be the additive semigroup of positive integers under addition, and X = N Z. 
Since the equation s' + s" = 1 has no solution in positive integers, it follows that, 
for every set i? C X, we have rB(l,n) = ^^(1,?^) = for every n e Z. Thus, if 
/ : X ^ No U {oo} is any function with /(I, n) 7^ for some integer n, then there 
does not exist a set _B C X with fB,2 = /■ 

Theorem 9. Let G be a countably infinite abelian group such that the dilation 2*G 
is infinite. Let 

/ : G ^ No U {00} 

be any map such that /~^(0) is a finite subset of G. Then there exists a set B of 
order 2 for G such that 

fB,2{x) = f{x) 

for all a; e X. 

Theorem 10. Let S be a countable abelian semigroup such that for every s Cz S 
there exist s',s" G S with s = .s' + s" . Let G be a countably infinite abelian group 
such that the dilation 12 *G is infinite. Consider the abelian semigroup X = S*® G 
with projection map tt : X — > G. Let 

/ : X ^ No U {^} 

be any map such that the set tt (/^^(O)) is finite. Then there exists a set B C X 
such that 

rB,2{x) = f{x) 

for all a; G X. 

Theorem 11. Let G be a countably infinite abelian group such that the dilation 
12 * G is infinite. Let 

/ : G ^ No U {(X)} 

be any map such that the set /^^(O) is finite. Then there exists an asymptotic basis 
B of order 2 for G such that 

rB,2{x) = f{x) 

for all a; G X. 

The proofs of Theorems [SUTTl can be found in [16] . 

Problem 15. What countable abelian semigroups X have the property that, for 
every function / : X — s- Nq U {00} such that the set f^^{0) is finite, there exists an 
asymptotic basis B of order 2 for X with rB.2 ^ f ? 
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9. Bases associated to binary linear forms 

Let $(a;i, X2) — uixi + U2X2 be a binary linear form with relatively prime integer 
coefRcients ui and U2- Let Ai and A2 be sets of integers. We define the set 

$(^1,^2) = {$(01,02) : fli e and 02 £ A2}. 

The representation function associated with the form $ is 

RauA2,<s>{''T') = card ({(01,02) £ Ai x A2 : (f>(oi,02) = n}) . 

Then -RAi.yi2.* is a function from Z into Nq U {cxd}. If Ai — A2 ^ A, we write 

^A) = ^{A,A) ^ {$(01,02) : 01,02 e A} 

and 

^A,$(n) = RA,A,'i>{n) = card ({(oi, 02) G A"^ : <i>(oi, 02) = n}) . 
The set A will be a called a unique representation basis with respect to the form <I> 
if RA,^{n) = 1 for every integer n. 

Lemma 2. Let $(2:1, 2:2) = Wi^i + U2X2 be a binary linear form with relatively 
prime positive integer coefficients ui < 1*2. Let A be a finite set of integers and let 
b be an integer. Then there exists a set C with A C_ C and |C \ A| = 2 such that 

RA,'S>{b) + l ifn^b 

RaA^) ifn£^{A)\{b] 

1 j/ne $(C)\($(A)U{6}) 

ifni^{C). 

Proof. Since gcd(ui,U2) = 1, there exist integers vi and V2 such that <i>(wi,W2) = 
uivi + U2W2 = 1- Then 

$(6ui + U2t, bv2 ~ uit) = ui{bvi + U2t) + U2{bv2 - Uit) 

= b{uxvi + U2V2) — b 

for all integers t. Let B = {bvi + U2<, bv2 — uit}. lit ^ {b{v2 — vi)/{ui + 1*2), then 
bvi + U2t 7^ bv2 — uit and \B\ = 2. We shall prove that there exist infinitely many 
integers t such that Ar\B — % and the set C — AiJ B satisfies conditions ^ . 

If d = max({la| : a G A}), then |$(a)| < (ui + U2)d for all a & A. The set $(C) 
is the union of the sets $(A), $(A, B),<^{B,A), and <i>(i?). 

If c G {^(o, hvi + U2t) : a G A}, then there exists o G A such that 

C = lilO + U2{bvi + 7i2t) = (lilO + U2Vlb) + u\t 

and so c > d for all sufficiently large integers t. 

If c' G {$(a, &W2 — i*ii) : o G A}, then there exists a' £ A such that 

c' = Itio' + U2(bv2 — Uit) = (wio' + M2W2&) — UiU2t 

and so c < — d for all sufficiently large integers t. Therefore, 

$(A) n$(A,B) = 

for all sufficiently large integers t. 

For every integer t, the functions $(0, 6wi + U2t) and $(0, 6i;2 — uit) are strictly 
increasing functions of o. Moreover, there exist a, o' G A such that $(a, bvi+U2t) = 
$(o', 6i;2 — uit) if and only if 

(wiO + U2Vib) + u\t = (uio' + U2V2&) — UiU2t 



(6) 



i?c,<I■(?^) 
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that is, if and only if 

(ui + U2)u2t = ui{a' - a) + U2{v2 - vi)b 

and this identity holds only for finitely many t. Thus, for all sufficiently large t we 
have RA,Bj{n) < 1 for all n e Z. 

Similarly, if c S {^{bvi + U2t, a) : a ^ A}, then there exists a G A such that 

c = ui{bvi + U2t) + U2a — (uivib + U2a) + uiU2t 

and so c > d for all sufficiently large integers t. 

If c' e {$(6u2 — uit, a) : a e A}, then there exists a' £ A such that 

c' = Ui{bv2 — uit) + U2a' = {uiV2b + 1*20') — u^i 

and so c < —d for all sufficiently large integers t. Therefore, 

$(^) n$(B,A) 

for all sufficiently large integers t. By the same method, we can prove that for all 
sufficiently large t we have RB.Aj{n) < 1 for all n e Z and 

n A) = B) n A) = 

Finally, the set = {$(&', b") : b' , b" e B} consists of the integers 6, {uiV2 + 

'U2Wi)& + {u\ - u\)t, (ui + U2)bvi + U2{ui + U2)t) , and (ui + U2)bv2 - + M2)i)- 

The coefficients of t are the pairwise distinct integers u\ — u^,U2(mi + U2), and 
— ■wi('Ui + U2), and these are different from the numbers —uiU2, — u^,uiU2, and U2, 
which are the coefficients of t in <i>(A, iJ) and ^{B,A). It follows that |$(S)| = 4 
and that the sets ^{A),^{B,A),^{A,B), and <I>(i3) \ {b} are pairwise disjoint for 
all sufficiently large t. This completes the proof. □ 

Theorem 12. Let ^{xi,X2) = uiXi + U2X2 be a binary linear form with relatively 
prime positive integer coefficients ui < U2- There exists a unique representation 
basis with respect to the form $, that is, a set A of integers such that RA,'^{n) = 1 
for all n e Z. 

Proof. We shall construct an increasing sequence of finite sets Ai C A2 C • • • 
such that RAkj{n) < 1 for all fc e N and n g Z, and A = IJ^j^ Ak is a unique 
representation basis for /. Let Ai = {0, 1}. Then ^(Ai) ~ {0, ui, U2, ui +U2}. Since 
< ui < U2 < ui + U2, it follows that = 4 and RAi.f{n) < 1 for all n £ Z. 

Let Ak be a finite set of integers such that i?yij..<[,(n) < I for all n G Z. Let b be 
an integer such that 

\b\ = min({|n| : n ^ . 
By Lemma [U there is a set A^+i containing A^ such that b G ^{Ak+i) and 
^Afc+i,'i>("-) < 1 for all n G Z. This completes the proof. □ 

More general results about representation functions of binary linear forms appear 
in Nathanson [TS] . 

Problem 16. Determine allm-ary linear forms ^{xi, . . . , x„i) — UiXi + - ■ ■+u„iXjn 
with nonzero, relatively prime integer coefficients such that there exists a unique 
representation basis with respect to $. 

Problem 17. Let m > 2 and let . . . , be an m-ary linear form with 

nonzero, relatively prime integer coefficients. Let / : Z — > Nq U {00} be a function 
such that /^^(O) is finite. Does there exist a set A such that Ra.'P = f? 
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Problem 18. Determine all m-ary linear forms $ such that if A and B are sets 
of integers with RA,<i = RB.<i>, then A = B. 

Problem 19. Determine all m-ary linear forms $ such that if A and B are finite 
sets of integers with = Rb,'^, then A ^ B. 

The last problem is related to work of Ewell, Fraenkel, Gordon, Selfridge, and 
Straus [aiHlEl]. 
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